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(Dated:)
We consider the critical gravity theory with a scalar field in four dimensions. We find that this
theory has the solution corresponding to the de Sitter (dS), anti-de Sitter (AdS), and Minkowski
background depending on whether the action includes the cosmological term or not. The Minkowski
background is the solution which cannot be obtained in the model without a scalar field. At the
critical point, we show that the Abbott-Deser (AD) mass of the Schwarzschild-de Sitter (SdS) black
hole and the energy for the massless graviton vanish, whose situation is not changed from the model
without a scalar field.
PACS numbers:
I. INTRODUCTION
As well-known, Einstein’s theory of the gravity describes the nature very well in the classical level. This theory
does not, however, work as a quantum theory due to the non-renormalizablity. Therefore as a quantum theory of
gravity, we need to find a model beyond Einstein’s theory.
Recently, a candidate of the quantum gravity in four dimensions was proposed in [1], which could be renormalizable
and unitary by adding a term including the squared Weyl tensor to the Einstein-Hilbert (EH) action with a cosmo-
logical term. Usually the theories including the terms given by the square of the curvatures have the massive spin 2
mode and the massive scalar (spin 0) mode in addition to the massless graviton. In a special case that the curvature
squared term is given by the square of the Weyl tensor, however, the massive scalar mode does not appear, which
can be shown by choosing an appropriate gauge condition. Furthermore, by a special choice of the parameters, the
massive spin 2 mode becomes massless and the mode degenerates with the massless graviton. By this special choice
of the parameters, which is called as a critical point, there appears a mode which behaves as a logarithmic function
of the distance. The appearance occurs due to the degeneracy of the massless spin 2 mode, which is described by the
fourth order differential equation. The logarithmic mode has positive energy at the critical point but a combination
of the massless and logarithmic mode could generate negative energy as shown in [2]. Thus by the requirement of the
unitarity, the logarithmic mode must be truncated by an appropriate boundary condition.
In this paper, we consider a model of the critical gravity in four dimensions with a scalar field. The model includes
a non-minimal coupling between the scalar field and the scalar curvature as in the Brans-Dicke model. We find that
this theory has solutions describing the de Sitter (dS), anti-de Sitter (AdS), and Minkowski backgrounds. We also
investigate the energies of the propagating modes and the Abbott-Deser (AD) mass of the Schwarzschild-de Sitter
(SdS) black hole in each of the backgrounds and we find that they vanish at the critical point.
II. EQUATIONS OF MOTION IN CRITICAL GRAVITY WITH A SCALAR FIELD
We consider a model of the critical gravity with a scalar field, whose action is given by
S =
∫
d4x
√−g
{
1
2κ2
[
R− 2Λ0 + α
(
R2µν −
1
3
R2
)]
− 1
2
(∇µφ)2 − 1
2
m2φ2 + γRφ2 − 1
4!
ξφ4
}
, (II.1)
where α, γ, and ξ are coupling constants. We now call Λ0 as “bare” cosmological constant. It is known that this
kind of action is power-counting renormalizable [3] (for a review, see [4]). However, being higher-derivative one, such
theory is known to have the unitarity problem which is not solved yet.
The equations of motion given by the variation of φ and gµν have the following forms, respectively:
(∇2 −m2 + 2γR)φ = 1
3!
ξφ3 , (II.2)
Gµν + Eµν +Φµν = 0 , (II.3)
where Gµν is given by the variation of the Einstein-Hilbert term with a bare cosmological constant. On the other
hand, Eµν and Φµν express the contributions from the term including the square of the Weyl tensor and the terms
2including the scalar field, respectively. These contributions are explicitly expressed as
Gµν = Rµν − 1
2
Rgµν + Λ0gµν , (II.4)
Eµν = α
[
2RµρR
ρ
ν −
1
2
R2ρσgµν −
2
3
R
(
Rµν − 1
4
Rgµν
)
+∇2
(
Rµν − 1
6
Rgµν
)
+
2
3
∇µ∇νR− 2∇ρ∇(µRρν)
]
, (II.5)
Φµν = 2κ
2
[
1
2
gµν
{
1
2
(∇ρφ)2 + γ(2∇2 −R)φ2 + 1
2
m2φ2 +
1
4!
ξφ4
}
− 1
2
∇µφ∇νφ+ γ(Rµν −∇µ∇ν)φ2
]
. (II.6)
By assuming φ is a constant, φ = φc in Eqs. (II.2) and (II.3), we obtain the vacuum solution as follows,
Rµν = Λ , R = 4Λ , Rµνρσ =
Λ
3
(gµρgνσ − gµσgνρ) , (II.7)
where
Λ ≡ Λ0 + 1
4
bm2 , b ≡ κ2φ2c . (II.8)
We should note that we have used the relation between the coupling constants,
ξφ2c = 6(8γΛ−m2) . (II.9)
which is derived from (II.2) and we have eliminated the coupling constant ξ in (II.3). Eq. (II.8) tells that the solution
corresponding to the Minkowski background is realized when
Λ0 = −1
4
bm2 . (II.10)
If Λ0 > − 14bm2
(
Λ0 < − 14bm2
)
, we obtain the solution corresponding to dS (AdS) background. It is clear that the
solution corresponding to the Minkowski background in (II.10) is generated due to the existence of the scalar field.
III. PERTURBATIONS AROUND THE BACKGROUND AND LINEARIZED EQUATIONS
In the last section, we have shown that Eqs. (II.2) and (II.3) have three kinds of the background solutions corre-
sponding to the (A)dS and Minkowski space-times. In this section, we consider the perturbations from the backgrounds
and derive the linearized equation. After that, we will show that there is a critical point where the massive spin 2
mode reduces to massless one.
The perturbations from the backgrounds are given by
gµν → gµν + hµν , φc → φc + φ . (III.11)
We find the linearized equations for φ and hµν have the following forms:
0 =
(∇2 + 2m2 − 16γΛ)φ+ 2γφcRL , (III.12)
0 = GLµν + ELµν +ΦLµν
=
{
1 + 2bγ + α
(
∇2 − 4Λ
3
)}
G˜Lµν +
α
3
(
gµν∇2 −∇µ∇ν − Λgµν
)
RL
+
4bγ
φc
(
gµν∇2 −∇µ∇ν + Λgµν
)
φ , (III.13)
where
GLµν = RLµν −
1
2
RLgµν − Λhµν + (Λ0 − Λ)hµν
= G˜Lµν −
1
4
bm2hµν , (III.14)
3ELµν = α
{(
∇2 − 4Λ
3
)
G˜Lµν +
1
3
(
gµν∇2 −∇µ∇ν − Λgµν
)
RL
}
, (III.15)
ΦLµν = 2bγG˜Lµν +
1
4
bm2hµν +
4bγ
φc
(
gµν∇2 −∇µ∇ν + Λgµν
)
φ . (III.16)
Here we denote the linearized forms of Rµν and R by R
L
µν and R
L,
RLµν = ∇λ∇(µhν)λ −
1
2
∇2hµν − 1
2
∇µ∇νh , (III.17)
RL = ∇µ∇νhµν −∇2h− Λh , (III.18)
and G˜Lµν is the covariantly conserved part
(
∇µG˜Lµν = 0
)
of GLµν (GLµν itself is not covariantly conserved, ∇µGLµν 6= 0).
By the parentheses ( ) for the indexes, we means the symmetrization with respect to the indexes. We also used (II.9)
in order to eliminate ξ from the linearized equations.
It could be convenient to impose the following gauge condition,
∇µhµν = ∇νh . (III.19)
In this gauge, (III.12) has the following form:(∇2 + 2m2 − 16γΛ)φ− 2Λγφch = 0 , (III.20)
and we can find the equation for the trace of hµν , h ≡ h µµ , as follows,
0 = gµν
(GLµν + ELµν +ΦLµν) = Λ(1 + 2bγ)h+ 4bγφc (3∇2 + 4Λ)φ . (III.21)
Eliminating ∇2φ by substituting (III.20) into (III.21), we obtain the relation between φ and h as follows,
Λ(24bγ2 + 2bγ + 1)h+
8bγ
φc
(24γΛ− 3m2 + 2Λ)φ = 0 . (III.22)
In (III.22), if we choose the parameters so that the coefficient of the h vanishes, that is, if 24bγ2+2bγ+1 = 0, φ also
vanishes. Furthermore if φ = 0, Eq. (III.20) tells that the scalar mode of the graviton h also vanishes, h = 0. The
condition that the coefficient of the h vanishes in (III.22) can be solved with respect to γ, as follows,
γ = γ± ≡ 1
24
{
−1±
√
1− 24
b
}
. (III.23)
In order that γ± could be real, the parameter b should be chosen so that
b ≥ 24 . (III.24)
We should note that b is positive by the definition in (II.8). We should also note that γ± is always negative for (III.24).
By eliminating scalar graviton, we obtain the fourth order partial differential equation for hµν as follows,
0 =
(
∇2 − 2
3
Λ
){
∇2 − 4
3
Λ +
1
α
(1 + 2bγ±)
}
hµν . (III.25)
This equation describes a massless graviton and a massive one, which satisfy the following equations, respectively,(
∇2 − 2Λ
3
)
h(m)µν = 0 ,
(
∇2 − 2Λ
3
−M2
)
h(M)µν = 0 , (III.26)
where
M2 ≡ 2Λ
3
− 1
α
(1 + 2bγ±) . (III.27)
Since M2 is the mass of the massive graviton, we require M2 should be positive semi-definite, M2 ≥ 0.
4We can find a critical point where the massive graviton reduces to massless. By using (III.27), we find that the
critical point is given by
α =
3
2Λ
{1 + 2bγ±} . (III.28)
At the critical point, the fourth order differential equation for hµν (III.25) becomes(
∇2 − 2Λ
3
)2
hµν = 0 . (III.29)
This equation dose not describe only the massless mode but also the logarithmic mode, which satisifies the following
equations: (
∇2 − 2Λ
3
)2
h(log)µν = 0 ,
(
∇2 − 2Λ
3
)
h(log)µν = h
(m)
µν . (III.30)
Here h
(m)
µν satisfies the first equation in (III.26). The logarithmic mode is discussed in [2, 5, 6].
We should note that in the perturbation in the Minkowski background, there appear several differences with those
in the (A)dS background. Since Λ = 0 in the Minkowski background, the equation (III.22) for the trace of hµν after
choosing the gauge condition (III.19) becomes
φ = 0 . (III.31)
So in contrast with the case of the (A)dS case, there does not appear any condition for eliminating the scalar graviton
h from (III.20). In order to eliminate h, we can use the residual gauge transformations δxµ = ∂µη (see [7]). Then the
fourth order differential equation (III.25) for hµν becomes
(∂2 − M˜2)∂2hµν = 0 , M˜2 ≡ −1 + 2bγ
α
. (III.32)
In the massless limit M˜ → 0, we find the critical point is given by
γ = − 1
2b
. (III.33)
Here we have some comments on the coupling constants. We can find that in any backgrounds, γ must be negative
at the critical point (note that at the non-critical point, γ can be an arbitrary value in the Minkowski background).
Furthermore α is also arbitrary in the Minkowski background, while, in the (A)dS background α is related with other
couplings as in (III.28) at the critical point.
In the following, we consider the Hamiltonian formalism in order to obtain the on shell energies for each of the
propagating modes. (Here we only consider the case of (A)dS background in detail, but any results in the Minkowski
one can be easily obtained by putting Λ = 0 and gµν = ηµν).
First, we introduce the quadratic action which is derived from the linearized equation for hµν . Using the gauge
condition (III.19) and choosing γ = γ± as in (III.23) in order to eliminate h and φ, we obtain
I2 = − 1
2κ2
∫
d4x
√−ghµν(GLµν + ELµν +ΦLµν)
= − 1
2κ2
∫
d4x
√−g
{
(1− 4
3
αΛ + 2bγ±)
Λ
3
hµνhµν +
1
2
(1− 2αΛ + 2bγ±)(∇λhµν)2 − α
2
(∇2hµν)2
}
.(III.34)
By using the Ostrogradsky method, we define the canonical momenta as follows,
piµν(1) =
δL2
δh˙µν
−∇0
(
δL2
δ(d(∇0hµν)/dt)
)
= −
√−g
2κ2
∇0 {(1− 2αΛ + 2bγ±)hµν + α∇2hµν} ,
piµν(2) =
δL2
δ(d(∇0hµν)/dt) =
√−g
2κ2
αg00∇2hµν . (III.35)
Since the Lagrangian does not depend on time, the Hamiltonian does not, either. Thus we obtain the following
Hamiltonian
H = − 1
2κ2T
∫
d4x
√−g
{
(1− 2αΛ + 2bγ±)∇0hµν h˙µν + 2α ∂
∂t
(∇2hµν)∇0hµν
}
− I2
T
, (III.36)
5where T is the interval of time in the integrations. In order to obtain the expression in (III.36), we have used the
partial integrations with respect to the time coordinate. Substituting the equations for massless graviton and massive
one, we find that their energies are given by
Em = − 1
2κ2T
(
1− 2
3
αΛ + 2bγ±
)∫
d4x
√−g∇0hµν(m)h˙(m)µν , (III.37)
EM =
1
2κ2T
(1− 2
3
αΛ + 2bγ±)
∫
d4x
√−g∇0hµν(M)h˙(M)µν . (III.38)
In the pure Einstein gravity, where α = b = γ± = 0, Em is positive, and therefore the integration
∫
d4x
√−g∇0hµν(m)h˙
(m)
µν
is negative. Thus, at the non-critical point, EM is negative although both of the expressions for the energies Em and
EM vanish at the critical point (III.28).
We also consider the energy of the logarithmic mode. The energy of the logarithmic mode has the following
expression:
Elog = − α
κ2T
∫
d4x
√−g∇0hlogµν h˙(m)µν , (III.39)
which is positive but the mixed states of the massless and logarithmic mode can have negative energy [2]. Thus
we have to truncate the logarithmic mode by imposing the appropriate boundary condition in order to preserve the
unitarity.
We now define and compute the total energy-momentum tensor and the conserved charge, which is called the AD
mass. First, we define the energy-momentum tensor by the variation of the action with respect ot the metric, gµν+hµν ,
and separating the equation (II.3) into a sum of the linear part of hµν and other parts. Then the energy-momentum
tensor is given by
Tµν =
(
1 + 2bγ − 4αΛ
3
)
G˜Lµν +
α
3
(
gµν∇2 −∇µ∇ν + gµνΛ
)
RL + α
(
∇2G˜Lµν −
2Λ
3
RLgµν
)
. (III.40)
We can confirm that Tµν is covariantly conserved since the (RHS) of (III.40) is covariantly conserved [5, 6]. Then we
obtain the following expression of the AD mass,
MAD = r0
(
1 + 2bγ − 2αΛ
3
)
, (III.41)
where r0 is the Schwarzschild radius. The first term in (III.41) is contribution from the Einstein-Hilbert action, and
the second terms those from the scalar terms in the action. At the critical point (III.28), the AD mass vanishes,
M critAD = 0 . (III.42)
In the Minkowski background, the AD mass is obtained by choosing Λ = 0 in (III.41),
M˜AD = r0(1 + 2bγ) . (III.43)
At the critical point (III.33), M˜AD also vanish.
IV. CONCLUSIONS
In this paper, we have considered the four dimensional model whose action is given by the sum of the Einstein-
Hilbert action and the terms including the square of the Weyl tensor coupled with a scalar field. In the action, in
addition to the (A)dS background solutions, the Minkowski background is obtained as a vacuum solution. Note that
the MInkowski background solution does not appear without including the scalar field. In the backgrounds, we have
shown that the critical point appears by a special choice of the parameters. At the critical point, the non-minimal
coupling γ is negative in any backgrounds.
The energies of the propagating modes and the AD masses are obtained in the same way as in [1]. The obtained
energy of the massive mode is negative at the non-critical point and it vanishes at the critical point. The logarithmic
mode appears at the critical point when the mass of the massive mode vanishes and the energy of the logarithmic
mode is positive. The mode of mixed states of the massless and massive modes, however, have negative energy. In
6order to preserve the unitarity, the logarithmic mode should be truncated by an appropriate boundary condition. The
AD masses vanish at the critical point. We also investigated whether there is a scalar field or not and we find the
energies and the AD mass vanish at the critical point.
It is interesting that our approach may be generalized for the case when scalar field is dimensionless and here it
includes higher derivatives too. Such theory has been proposed in Ref. [9] as renormalizable quantum gravity with
higher derivative scalar. Moreover, it has been demonstrated in Ref. [10] that it can be very interesting effective
proposal for inflation.
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